HECKE TRACE GEOMETRY AND THE COTANGENT LAPLACIAN
AT HEEGNER PRIMES OF LEVEL 163

RICHARD HOEKSTRA

ABSTRACT. Let G = (Tr(TuTy | SQ(F()(163))))dd,€S be the Hecke trace Gram matrix re-

stricted to the set S = {3,7,11,19,43,67,163} of Heegner primes at level 163. We prove that
the Hecke distance matrix D(d,d') = G(d,d) + G(d',d') — 2G(d,d’) determines the centered
Hecke operator B = JGJ exactly via the classical double-centering identity. We then con-
struct the cotangent Laplacian L.ot of the complete graph K7 equipped with edge lengths
4(d,d") = /D(d,d’), and show computationally that Lot is nearly simultaneously diagonaliz-
able with B: the relative commutator norm is 0.030, eigenvector overlaps range from 0.931 to
0.997, and the relative off-diagonal Frobenius fraction of Leot in a B-eigenbasis is 0.071. A cu-
mulative family comparison across the levels {43, 67,163} shows that this near-diagonalizability
is strongest at level 163 among those three cases. A broader scan up to prime level 199, however,
shows that level 163 is not globally extremal for this metric once larger cumulative families are
included.

1. INTRODUCTION

The space S2(I'0(163)) of weight-2 cusp forms for the congruence subgroup I'g(163) has
dimension g = 13, where g is the genus of the modular curve X((163). The prime p = 163 is
distinguished as the largest prime for which Q(y/—p) has class number one, a list completed by
Heegner [2], Stark [§], and Baker [I].

For each prime d in the set

S ={3,7, 11, 19, 43, 67, 163},

the Hecke operator Ty acts on S2(I'g(163)). (At d = 163, the operator is T3 = Uies, since 163
divides the level.) The Hecke trace Gram matrix

(1) G(d, dl) = TI‘(Td Td/ | SQ(F0(163)))

is a 7 x 7 symmetric positive definite matrix with integer entries, computable via the Eichler—
Selberg trace formula or directly in a computer algebra system supporting modular forms (we
used SageMath [0]).

The present note has two layers.

First, we record the exact distance-geometric identity

B:=JGJ =—-3JDJ,

where D(d,d’) = G(d,d)+G(d',d') —2G(d,d') and J = Iy — £117 is the centering matrix. This
is the classical double-centering identity of Schoenberg [7], but here it identifies the centered
Hecke operator with the canonical centered Gram matrix recovered from Hecke trace distances.
Second, we compare B to the cotangent Laplacian Lot built from the same distance data.
The complete graph K7 endowed with edge lengths ¢(d,d") = \/D(d,d’') carries a canonical
formal cotangent operator. Although this graph is not a triangulated surface in the usual Regge
sense, the resulting symmetric Laplacian is numerically almost diagonal in a B-eigenbasis. This
suggests that the Hecke trace geometry and the discrete cotangent geometry are much closer
than one would expect a priori. The level 163 example is the main case study; a later scan is
included only to show that the phenomenon is broader than a single isolated example.

Date: March 18, 2026.



2 RICHARD HOEKSTRA

2. THE HECKE TRACE GRAM MATRIX

All computations were performed in SageMath using ModularSymbols (163, 2) and verified
by independent evaluation of traces.

Proposition 1. The matric G = (Tr(TyTy | SQ(PO(163))))dd,ES, with rows and columns
ordered as (3,7,11,19,43,67,163), is

46 —-18 —-12 20 —44 =70 6
-18 92 -10 -4 -4 —60 4
-12 -10 136 —-38 —88 120 6
G=1] 20 —-44 -38 282 —102 6 —6
—-44 -4 —-88 —-102 583 —-164 —-13
—-70 —60 120 6 —-164 640 —14

6 4 6 -6 -13 -14 13

Its eigenvalues, in increasing order, are approximately
10.37, 19.44, 76.78, 98.09, 274.14, 491.62, 821.55.
In particular, G is positive definite and G(163,163) = 13 = g.

Proof. Direct computation in SageMath. The identity G(163,163) = Tr(T%; | S2(T0(163))) =
Tr(Us) = dim S2(To(163)) = 13 follows from the fact that Ujgs = —wigs (the Atkin-Lehner
involution) at prime level, so U, = w}s; = Id on the 13-dimensional space. U

3. THE DOUBLE-CENTERING IDENTITY
Definition 2. Given the Gram matrix G, define the Hecke distance matriz by
D(d,d") = G(d,d) + G(d',d") —2G(d,d),
and the centering matrix
J=1I— 111",
where 1 = (1,...,1)T € R". The centered Hecke operator is B = JG.J.
Theorem 3 (Double-centering identity). With G, D, J, and B as above,
(2) B=JGJ=-%1JDJ.
Both equalities hold exactly over Q.
Proof. Write D = g 17 + 1gT — 2G, where g = diag(G) = (G(d,d))4es. Then
—3JDJ =-1J(g1" +1g" —2G)J = JGJ,

since J1 = 0 and 17J = 0. This is Schoenberg’s classical identity [7]. Since all entries of G
and D are rational integers, the identity holds exactly over Q. O

Remark 4. The matrix B annihilates 1, hence rank(B) < 6. In the present case B has exactly
six nonzero eigenvalues, namely

10.632739, 60.562594, 96.738276, 251.545366, 455.849771, 810.671253,

and one zero eigenvalue in the direction of 1.

4. THE COTANGENT OPERATOR

We equip the complete graph K7 on vertex set S with edge lengths

0(d,d") = /D, d).
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Definition 5. For each triangle (d,d’,d") in K7, define the angle at vertex d by the Euclidean

law of cosines:
f(d, dl)2 + g(d’ d//)2 _ f(d,,d//)2
20(d,d') ¢(d, d")

cos ag(d',d") =
The cotangent weight of edge (d,d’) is

d d/ Z COtad// d d)

d//
d”;éd d/

where the sum runs over the five triangles containing the edge (d,d’).
The cotangent Laplacian is the 7 X 7 matrix
—w(d,d) d#d,
Leot(dhd') = 4 S™ w(d,d") d=d.
d"'+d
Remark 6. The complete 2-skeleton of K7 is not a 2-manifold triangulation: each edge lies in

five triangles. Thus L.t should be read as the formal cotangent operator attached to the Hecke
length data, rather than as the Laplace—Beltrami operator of a genuine piecewise-flat surface.

Remark 7. The matrix L. is symmetric and satisfies Lot 1 = 0. In the present computation
its spectrum is nonnegative:

0, 5.250892, 7.378571, 10.591287, 15.303978, 17.814893, 26.837106.

One cotangent edge weight is slightly negative, so we do not claim positive semidefiniteness by
abstract construction alone.

5. NEAR-SIMULTANEOUS DIAGONALIZABILITY
The exact theorem concerns B, not GG. Indeed, an identity L., = G is impossible, because
Leot 1 =0, G1 = (=72, —40, 114, 118, 168, 458, —4)T.
Thus the correct comparison is between L., and the centered Hecke operator B on 1+,

Proposition 8 (Computational). Let B and Lco be as above, restricted to the siz-dimensional
subspace 11+. Then:
(a) The sorted nonzero eigenvalue sequences of B and Leot have Pearson correlation coeffi-
cient
p = 0.982148.

(b) Under the overlap-mazimizing matching of eigenvectors, the pairing is order-reversing:
the largest eigenvalue of B is matched with the smallest nonzero eigenvalue of Leot, and
vice versa.

(c) Each eigenvector v; of B on 1+ has a matched eigenvector u,; i) of Leot such that

[(vi, Uo(sy)| > 0.930724,

with the maximum overlap attaining 0.996905 and the mean overlap equal to 0.973626.
(d) The relative commutator norm satisfies

I[B, Leot]||F
1Bl # [[ Lot 7
where || - ||p denotes the Frobenius norm.

(e) In the eigenbasis of B, the matriz Leoy has off-diagonal Frobenius norm equal to 7.135%
of its total Frobenius norm.

= 0.030399,

All values are computed from the exact integer matrix G of Proposition [1], with cotangent
weights evaluated in double-precision floating point.
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Remark 9. The numerical evidence therefore supports not the false identity Lot = G, but the
weaker and more plausible bridge principle that L.y is nearly diagonal in the centered Hecke
eigenbasis.

6. A LOCAL CUMULATIVE COMPARISON

To compare levels with increasing arithmetic complexity, define the cumulative class-number-
one sets

SW) = {37 11, 19, 43},
ST = {3, 7,11, 19, 43, 67},
S(163) — £3 7,11, 19, 43, 67, 163}.

For each level p € {43,67,163} we form the Hecke trace matrix G® on the corresponding set
S®) | then define D), B®) and L® exactly as above.

cot

Proposition 10 (Computational). The off-diagonal fraction §(p)—defined as the ratio of the

off-diagonal Frobenius norm of L((,ﬁ)t

restricted matrix—takes the values
Level p |S®)| rank(B®) d(p)

in the eigenbasis of B® to the total Frobenius norm of that

43 5 3 0.100321
67 6 5 0.138548
163 7 6 0.071352

Among these three cumulative levels, the near-diagonalizability is strongest at level 163.

Remark 11. This comparison is cumulative rather than intrinsic: the sets S (43)  5(67) and
S(163) are nested prefixes of the class-number-one primes, not the split-Heegner sets at the
corresponding levels. We make this explicit because the numerical trend depends on that choice
of family.

Remark 12. A broader scan over prime levels N < 199 with the same cumulative family
choice shows that level 163 is not globally minimal for the off-diagonal fraction. Among the full
seven-operator cumulative cases in that scan, levels 173, 197, and 199 all give smaller values
than the level-163 value 0.071352. Thus Proposition [10| should be read as a local comparison
among the three displayed cumulative levels, not as a global extremality claim for 163.

7. DISCUSSION

The double-centering identity (Theorem [3)) is classical, but its application to the Hecke Gram
matrix at Heegner primes yields an exact arithmetic consequence: the pairwise Hecke distances
determine the centered Hecke operator without loss.

The cotangent operator attached to the same distance data is not equal to the Hecke operator.
Nevertheless, Proposition [§|shows that the two operators almost share an eigenbasis. This is the
mathematically robust bridge: not equality of matrices, but near-simultaneous diagonalizability
on the centered subspace.

The exact content of this note is therefore asymmetric: the double-centering identity is a
theorem, while the Hecke—cotangent bridge is a numerical phenomenon anchored at level 163.
The local comparison of Proposition [10] shows that the bridge improves from 43 and 67 to 163
inside one natural cumulative family, but the broader scan shows that this does not extend to
a global minimality statement. Any claim that 163 is geometrically extremal must therefore
depend on a more refined arithmetic selection principle than the cumulative family alone.

One further numerical feature merits mention. If the nonzero eigenspaces are paired by
maximum overlap, then the cotangent eigenvalues are fit substantially better by a decreasing
rational function of the centered Hecke eigenvalues than by an affine rescaling. This suggests
that the correct next conjecture is not Lcoy =~ aB + bl, but rather that Leo|;. is approximately
of the form f(B|;.) for a monotone decreasing scalar function f.
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